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Axisymmetric Static and Dynamic Buckling of Spherical Caps
due to Centrally Distributed Pressures

WENDELL B. STEPHENS* AND ROBERT E.
NASA Langley Research Center, Hampton, Va.

Sanders' axisymmetric nonlinear elastic shell theory, including provision for general ortho-
tropy along the shell meridian, is approximated by finite difference equations including the
Houbolt backward difference formulation in time. The equations are then applied to the non-
linear response of an isotropic shallow spherical cap subjected to static and dynamic loads.
Axisymmetric static buckling is determined by investigating the convergence characteristics
of the static numerical solution as the "top of the knee" buckling point is reached. Dynamic
buckling is defined as the threshold load at which large increases in the peak amplitude of the
average dynamic displacement occur. Axisymmetric buckling loads are given for a spherical
cap subjected to a constant static pressure or step pulse of infinite duration distributed axi-
symmetrically over a portion of the center of the shell. The influence of the size of the loaded
area and of moment and inplane boundary conditions on both static and dynamic buckling is
studied, as well as the use of various criteria to define the threshold load for dynamic buckling.
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Nomenclature

surface area of the shell subjected to a load
surface area of the shell
orthotropic material constants defined in Eqs.

(A7) and (A8)
reference modulus of elasticity
nondimensional and dimensional membrane

strains, e.g., en = eu^
maximum shell rise
reference thickness
nondimensional and dimensional bending moment

in the principal directions, e.g., m\\ = RMu/
(<^3)

nondimensional and dimensional membrane
stress resultants, e.g., nn = Nu/(<rh)

load parameter defined in Eq. (18)
value of load parameter P associated with axi-

symmetric buckling
nondimensional and dimensional lateral and

meridional forces per unit area, e.g., po =
PoR/(<rh)

nondimensional and dimensional transverse shear,
q = Q/(*h)

spherical shell radius
nondimensional radial distance from axis of sym-

metry to shell middle surface
nondimensional radial distance from axis of sym-

metry to shell edge
total arc length of the shell meridian
length of loaded meridian
nondimensional and dimensional meridian dis-

tance, s = S/R
nondimensional thermal moment resultant in the

principal direction
nondimensional thermal force resultant in the

principal directions
nondimensional and dimensional meridional and

normal displacement, respectively, e.g., w =

coefficients of the acceleration difference expres-
sion

coefficient of thermal expansion
nondimensional and dimensional rotation, 0 =

1/3
average displacement defined in Eq. (17)
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peak average displacement of the shell
nondimensional spatial and time increments
shell thickness coordinate normal to and originat-

ing from the middle surface, positive outward
ratio of reference elasticity modulus to reference

stress, E/<r
circumferential coordinate
nondimensional and dimensional curvatures, e.g.,

K-n = Rrjku
shell parameter, X = 2{3(1 - ^2)}1/4{^oA}1/2

Poisson's ratio for isotropic material
undeformed shell rise at any point r
ratio of reference thickness to reference length,

h/R
mass density
reference stress
nondimensional and dimensional time, T =

shell
= length of time load is applied from r = 0
= colatitude coordinate of a point on the

meridian
= colatitude coordinate describing load distribution

(Fig. 1)
= colatitude coordinate of shell boundary
= 6 X 6 matrices
= 3 X 3 matrices
= 6 X 1 column matrices

= 3 X 1 column matrices

Introduction

AXISYMMETRIC and asymmetric buckling of spherical
-£*- caps have been studied extensively in the literature for
certain simplified loadings and boundary conditions. For
example, results for axisymmetric buckling due to uniformly
distributed static loads, dynamic impulses, or dynamic step
pulses are reported in Refs. 1-8. Results for asymmetric
buckling due to static uniform pressures are given in Refs.
1, 2, and 6. Results for axisymmetric buckling due to static
point loads are given in Refs. 9-12 and for asymmetric
buckling in Ref. 9. A comprehensive survey of the state-of-
the-art for spherical cap buckling is given in Ref. 6. All these
results are restricted to either concentrated loads at the apex
or to uniformly distributed loads; they are also limited to
classical boundary conditions. Unfortunately, the character
of the buckling response for these extreme cases differs widely;
the uniformly loaded shell fails violently and is sensitive to
imperfections, whereas the shell under a point load deforms
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gradually with load and is little affected by imperfections.
Moreover, partial loading of a spherical shell occurs in prac-
tical aerospace applications as, for example, in landing impact
of spacecraft. Therefore, there is a need for buckling results
for static and dynamic loads that span the range between
"Concentrated loads and uniformly distributed loads. There
is also a need for further data on the influence of boundary
conditions on static and dynamic buckling loads. It is well
known that a complete static investigation of such effects re-
quires the consideration of asymmetric buckling to obtain the
lowest possible buckling load. This is also true for dynamic
buckling as is shown for arches, for example, in Ref. 13. How-
ever, axisymmetric buckling is critical in some ranges of the
shell parameters and an understanding of symmetric buckling
is an important first step even where asymmetric behavior is
critical. The present paper, therefore, reports on an investiga-
tion of the static and dynamic axisymmetric buckling of
shallow spherical caps subjected to centrally distributed axi-
symmetric pressures.

Analysis

The shell analysis used in this study is based on Sanders'
{Ref. 14) equations for axisymmetric behavior of an elastic
shell of revolution which include geometric nonlinearities.
These equations, coupled with constitutive equations that
account for general orthotropy and thermal effects along the
meridian, can be expressed in terms of six partial differential
equations of first order in space and second order in time.
These equations are of the following form:

/«' + (H + B)z = e + /I (1)
where z is the solution vector of six variables, I is the 6 X 6
identity matrix, H and H are the linear and nonlinear 6 X 6
coefficient matrices of z} respectively, / is the 6 X 6 mass
matrix of z and e is the six-element load vector. Primes indi-
cate differentiation with respect to meridional distance, s
and the dots differentiation with respect to time, r. The
elements of H, H, e, /, and z are listed in the Appendix in the
nondimensional format of Ref. 15. (Relations between the
nondimensional and dimensional expressions are also given in
the Nomenclature.)

The general set of shell boundary conditions for Eq. (1) at
an edge can be written as

A.y - I = 0 (2)
vvhere x and y are force and displacement subvectors of z de-
fined in the Appendix, 12 and A are 3 X 3 matrices, and I is a
three-element vector.

Equation (1) is converted into difference equations utilizing
central differences for the spatial derivatives and Houbolt's
backward differences (Ref. 16) for the time derivatives. The
spatial finite difference representations are written at a point
halfway between stations and are of the form

__ / i \ ic\ /q\

The second-order time derivative in Eq. (1) is approximated
by

In Eqs. (3-5) the subscripts i and m indicate spatial and time
stations, respectively, and As and AT are the spatial and time
increments, respectively. The coefficients am, pm, ym) and
8m depend on the time step and are given in Ref. 17. Ap-
plication of the finite difference approximations (3-5) to Eq.
(1) leads to a set of six nonlinear algebraic equations for z at
the mth time step:

/*(«»,«, 3i-i,m, As, A*) = 0 (6)
Since z at the m — l,m — 2, and m — 3 time stations is known

Fig. 1 Shell geometry and loading.

at m from preceding calculations or is determined from initial
conditions, Eq. (6) may be treated as being essentially inde-
pendent of time. Equation (6) together with three boundary
conditions at the pole point and three at the edge of the shell
define the problem to be solved and must be solved simulta-
neously to determine z at the mth time step. Because they are
nonlinear, the equations are linearized using an iterative
Newton-Raphson procedure (Ref. 18). For convenience in
the solution of the simultaneous equations, the vector Zi
is partitioned into two three-element ordered subvectors xi
and 2/i.

Use of a Taylor's expansion for Eqs. (2) and (6) yields

&Ci + (dFj/Sydfa = -F,-(zi,£i,*) (7)

(8fk/8yi)8yi = -ffafax^y^&s) i = 2, 3,.. .n (8)

(dGi/8xJ8xn + (8G,/8yn)8yn = -G,-(xn,yn,8) (9)

where y = 1, 2, 3 and k = 1, 2 . . . 6 and n is the total number of
spatial stations. Fj is a functional representation of Eq. (2)
at the boundary i = 1 and Gj is a functional representation
of Eq. (2) at the edge, i = n. Also

8xi = Xi — Xi, 8yi = yi — yi (10)

and {xi,yi\ is the solution vector and {£;,?/;} is the approxi-
mate solution vector to Eqs. (2) and (6). The iterative pro-
cedure is established whereby

— f- r 4-•^i K

(11)

and the superscript, r, indicates the rth iteration cycle. When
{dxijdyi} vanish convergence has been obtained. The set of
equations (7-9) take the form of a five-diagonal-banded
matrix where each element is a 3 X 3 matrix. The set of
equations (7-9) is solved by using a modified Potters' method
(Ref. 15 or 19) for banded matrices. This analysis and nu-
merical solution has been programed in FORTRAN IV for
use on a CDC 6600 computer and the resulting computer
program provides the capability for nonlinear static and dy-
namic analysis of a general orthotropic shell of revolution sub-
jected to axisymmetric thermal or mechanical loads and hav-
ing arbitrary boundary conditions at each end of the shell.

The physical geometry of the isotropic spherical cap and
the loading considered with the program in the present study
are shown in Fig. 1. The positive directions on the elements
of z, force and moment resultants, and surface pressures are
shown in Fig. 2. Results for three separate boundary condi-
tions at the shell edge (i = n) are obtained. They are defined
as follows:

1) clamped
Un = Wn = pn = 0 (12)

2) simply supported
Un = Wn = mn,n = 0 (13)
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a) Membrane and transverse force
b) Moment resultants

c) Load per unit area d) Displacements and rotation

Fig. 2 Positive sense of forces, moments, loads, displace-
ments, and rotation.

3) unrestrained

un sin<po —

= 0

= 0, mn,n = 0
(14)

where <po is maximum shell angle defined in Fig. 1. The un-
restrained edge differs from the simple support in that radial
motion is freely allowed. The pole conditions at i — 1 are

= ft = MI = 0 (15)
The results in this report are also based on 26 meridional
stations, a Poisson's ratio of 0.3, and a AT of 0.10. All dy-
namic loads are step pulses of infinite duration (r* = °°) and
the initial conditions are that the initial displacements (u,w)
and velocities (u,w) of the shell vanish. This implies

2,f0 = zito = 0 (16)
Both the static and dynamic loads are uniformly distributed
axisymmetric pressure loads of magnitude pQ that cover a
given percentage of the center surface area of the shell (Fig. 1).

Buckling Criteria

Static Top-of-the-Knee Buckling

Suitable criteria for determining static "top-of-the-knee"
axisymmetric buckling loads are well known (see, for example,
Ref. 3) and problems only arise in the numerical determination
of such buckling loads. The procedure used in the present
study to determine static buckling loads is to increment the
load until the Newton-Raphson method fails to converge for a
load level. The load increment is then reduced to one-fifth
the previous load increment and load incrementation is again
initiated from the last converged load level. Whenever con-
vergence again fails, this procedure of reducing the load incre-
ment by a factor of five is repeated. When convergence fails

Inflection point,
P =0.46^_

10 20 30

Nondimensional Time, T

.20 .40

Load Parameter, P

Fig. 3
a) Dynamic response b) Buckling criteria

Dynamic buckling load for a clamped spherical cap.

.20 .30 .40 .50 .60
Load Parameter, P

Fig. 4 Peak average displacement curves of various
centrally distributed dynamic loads on clamped spherical

caps.

on the fourth reduction of load increment, the last converged
load level is taken as the buckling load. The initial increment
was taken to be approximately one-fifth of the resulting buck-
ling load.

To insure that a maximum point has been reached in the
load vs deformation curve, a top-of-the-knee check is made
by incrementing the deformation state sufficiently to cross
over the top of the knee. This is accomplished by taking the
difference in the last two converged deformation states times
some arbitrary factor (normally 5) and adding it to the last
converged (prebuckled) deformation state. Beginning with
this state, the equations are iterated until an equilibrium state
is found in this neighborhood. The load is then reduced one
load increment to move down the opposite side of the knee
and confirm that a maximum was reached.

Dynamic Buckling

The criteria used to determine buckling under dynamic
loads are not as well defined as for static loads and require an
evaluation of the transient response of the shell for various
load levels. The criteria in most common use (for example,
Refs. 5 and 8) are based on plots of the peak nondimensional
average displacement, Amax, of the structure vs the amplitude
of the load where A is the average displacement nondimen-
sionalized with respect to the average height of the unde-
formed shell. Thus

/* TO I /* TO
A = I rwdr I \ r£drJo / J o * (17)

where £, r, and r0 are defined in Fig. 1.
There is a load range where a sharp jump in peak average

displacement occurs for a small change in load amplitude.

Reference 3, A = 5
Reference 3, A = 8
Reference 3, A = 10
Reference 11, A = 8, 10

0 20 40 60 80 100

Percent Surface Area Loaded, AL /AS

Fig. 5 Axisymmetric buckling load parameter vs percent
surface area loaded for clamped spherical caps.
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The inflection point of the load deflection curve in this range is
taken as the buckling load and the method is denoted the "in-
flection point method" in Ref. 8. The method is illustrated by
the typical example shown in Fig. 3. Time histories of A are
shown in Fig. 3a for a clamped spherical cap of shell param-
eter X = 5 for several values of uniformly distributed load
parameter P. Here P is

P = poAL/pcLAs (18)
where p$ is the magnitude of the compressive lateral pressure,
PCL is the classical buckling pressure for a closed spherical
shell

PCL = {2E/[3(l - *>2)]1/2}(V#)2 (19)
R and h are the shell radius and thickness, E is Young's modu-
lus, and v is Poisson's ratio. The quantity AL is the surface
area on which pQ acts and is given by

(20)

(21)

AL =

and As is the total surface area of the shell

As = 2irR2{l - cos^o}
where <pL is the angle between the shell axis and the normal to
the shell at edge of the loaded region as denned in Fig. 1.

If the peak average displacements for the cap from Fig. 3a
are plotted vs load amplitude, the curve given in Figure 3b
results. It is clear from the rapid change in deflection be-
havior in the plot that a buckling load range has been defined.
Since the inflection point on such a plot is difficult to pinpoint,
it is usually estimated as the average of the two load values
which bracket the rapid change in deflection behavior. Thus,
the axisymmetric buckling load Pcr is approximately 0.46.
Obviously, for values of shell and load parameters correspond-
ing to such abrupt behavior, an estimate of the inflection point
serves as a suitable reference value for the buckling load.

Consider, however, the response characteristics of the shell
subjected to a load centrally distributed over less than the
total surface area. Figure 4 shows plots of peak average dis-
placement vs load for several percentages of the ratio
AL/As. The curve for a 0.16% loaded area (i.e., a highly
concentrated pressure) shows that the inflection point cri-
terion may not be a suitable criterion for buckling. Even in
cases where the change in the Amax vs P curve is more dramatic
(such as for the 36, 64, and 100% loadings) it would appear
that a more conservative criterion might well be used such as a
point at which A begins to change rapidly near the knee in the
curve below the inflection point. This point must, of course,
be somewhat arbitrary but such a choice appears reasonable
from an engineering point of view. The threshold load is taken
as some load beyond which small changes in load lead to large
increases in displacement. An example, which defines the
threshold as the intersection point of two tangents, is shown
graphically for the 0.16% curve in Fig. 4 yielding pcr = 0.071.
This*procedure was selected in the present study for defining

Percent Surface Area Loaded, A . /A S

40 60
Percent Surface Area Loaded, A . /A

Fig. 7 Axisymmetric buckling load parameter vs percent
surface area loaded for unrestrained spherical caps.

dynamic buckling loads. It has the advantage that when the
change is dramatic, the results essentially agree with those ob-
tained by the inflection point method, and it provides a
meaningful but more conservative criterion for handling
highly localized loads.

Results and Discussion
Static Buckling Results

Consider, first, buckling under centrally distributed static
loads. Figures 5, 6, and 7 present the results for axisymmet-
ric buckling loads for the cases of clamped, simply supported,
and unrestrained edges, respectively, as a function of surface
area loaded. In Fig. 5, the results for a fully loaded clamped
shell (i.e., AL/AS = 100%) agree with those given in Ref. 3.
As the load becomes concentrated at the center of the shell
(i.e., AL/AS -** 0), the results approach those for a concen-
trated load given in Ref. 11. For the case of X = 5, the shell
does not buckle axisymmetrically when loaded over less than
20% of the area; this is reasonable since it has been shown in
Ref. 10 that top-of-the-knee buckling does not occur for con-
centrated loads where X < 7. The results of Fig. 6 for 100%
loading agree with those of Ref. 2 for a uniformly loaded shell
as noted on the figure, and the results of Fig. 7 for a nearly
0% loading correspondingly agree with those of Ref. 11 for
a concentrated load.

Figures 5, 6, and 7 describe the shell buckling load behavior
during the load transition from a uniform load to a highly
concentrated load. An understanding of this behavior is best
accomplished by studying a representative curve in detail.
This is done in Fig. 8a where the curve for a simply supported
cap with X = 8 given on Fig. 6 has been replotted. Also shown

t pressure line

Fig. 8 Corre-
sponding mode
shapes and axi-
symmetric buck-
ling loads for
simply supported !

spherical caps.

a) Illustrative curve

100%

Fig. 6 Axisymmetric buckling load parameter vs percent
surface area loaded for simply supported spherical caps. b) Typical Mode Shapes
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20 40 60 8C

Percent Surface Area Loaded, A./AS

.a) Clamped cap
Fig. 9 Axisym-
metric dynamic
buckling loads for
various X and cen-
trally distributed

loads.

Percent Surface Area Loaded, AL/AS

b) Simply supported cap

on Fig. 8a as dotted lines are two limiting cases. Line A cor-
responds to the assumption of a constant buckling load mag-
nitude equal to that of a concentrated load. Line B cor-
responds to the assumption of constant pressure equal to that
of the fully loaded uniform pressure. The X == 8 curve has
several characteristics. Near the 0% loaded area when
the load is nearly a concentrated load, the assumption of a
concentrated load adequately predicts the buckling load.
At approximately 5% loaded area there is a sharp drop in
buckling load magnitude to below even the constant pressure
line. As the loaded area is increased, the buckling load in-
creases; however, the pressure is less than that of a uniformly
loaded shell. When the load is distributed over more than
72% of the shell surface, the buckling pressure exceeds and
finally becomes equal to the fully loaded buckling pressure.
The sharp drop in buckling load for a 5% loaded area is in-
teresting because it indicates that neither the assumption of a
concentrated load nor a uniform pressure is a conservative
estimate of buckling load. An understanding of this behavior
can be obtained by noting that results similar to these were
observed experimentally in Ref. 12 where it was shown
that, as the radius of the loading surface was increased, local
and somewhat benigned buckling occurred at lower load mag-
nitude.

The other characteristics of the curve are due to the change
in buckling mode shapes resulting from changes in loaded
area. Figure 8b shows an ensemble of buckling mode shapes
for several typical loaded areas ranging from a nearly concen-
trated load of AL/AS = 0.64% to the fully loaded case.
Figure 8b shows the dramatic changes in buckling shape
which result as the load is distributed over different areas and
shows why one should not expect either the concentrated load

• Present results

-References

Theoretical result (
•Experimental result (ref. 19)

10 12 14

Shell Parameter, X

or uniform pressure assumptions to be representative of all
ranges of the loaded area parameter.

The characteristics of the curve in Fig. 8a are generally
typical of all the curves contained in Figs. 5-7 although there
are differences for all curves. For the very low values of
AL/AS less than 3-5%, the assumption of a concentrated load
is reasonable for obtaining buckling loads. For high values of
AL/AS greater than 75-95%, assumption of a uniformly
distributed pressure is reasonable. In between these two ex-
tremes, the assumption of a constant uniform pressure is a
crude approximation to the axisymmetric buckling load.
This assumption cannot be relied on, however, to give con-
servative estimates of axisymmetric buckling load and may,
in some cases, be in error by a factor of 2 on the unconservative
side. On Fig. 8a for example, this assumption would be con-
servative for region I and unconservative for region II.

The influence of moment boundary condition on buckling
loads can be seen by comparing the results of Fig. 5 with
those of Fig. 6. This comparison shows that when buckling is
restricted to be axisymmetric, clamping can raise the buckling
load (e.g., for X = 8 and 100% loading Pcr increases from
0.794 for a simply supported edge to 1.145 for a clamped edge)
and can lower the buckling loading load (e.g., for X = 5
and 100% loading Pcr decreases from 0.713 for a simply sup-
ported edge to 0.622 for a clamped edge). This behavior is
also the result of changes in the buckling mode shape caused
by changes in boundary conditions.

The influence of lateral restraint on the buckling load can be
seen by comparing the results in Figs. 6 and 7. This compari-
son shows that removing the lateral restraint at the boundary
generally leads to sharp reductions in buckling loads by
factors of 2 to 4. There are, however, limited parameter
ranges such as, for example, the X — 8, AL/AS = 20% case
where removing the inplane restraint leads to equal or slightly
larger buckling loads.

Dynamic Buckling Results

Figure 9a gives the total load for the axisymmetric buckling
of a clamped shallow cap with X = 5, 8, and 10 subjected to
infinite duration axisymmetric step loads (T* — °°) distrib-
uted over various percentages of the cap area. Figure 9b
gives similar results for the case of a simply supported cap.
In general, the plots for dynamic buckling are smoother than
the static buckling curves, but have the same characteristics
with the exception that the dynamic buckling loads are lower
than static buckling loads. In addition, because of the dy-
namic buckling criteria used, all shell parameters exhibit a
dynamic buckling load including the clamped X = 5 case near
the origin. Such dynamic buckling loads appear to be reason-
ably safe loads that can be applied to the structure without
undue deflections taking place.

Although the dynamic response curves are not shown for
most cases, it was necessary to investigate the dynamic re-
sponse over fairly long periods of time to insure that the
structure did not eventually buckle. This becomes more im-
portant for the larger shell parameters such as X = 8 and X =

• 6r
f» = oo

simply supported edge

-unrestrained edge

4 6 8

Shell Parameter, X

Fig. 10 Comparisons of axisymmetric dynamic buckling
loads of various X for clamped spherical caps.

Fig. 11 Comparison of axisymmetric dynamic buckling
loads for simply supported and unrestrained edges.
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10. For some load levels at higher X's the response was stud-
ied out to T = 120. The necessity for carrying the response
calculations out over a long period of time is demonstrated by
noting that Ref. 8 considered the clamped spherical cap whose
response curves are shown in Fig. 3 and concluded that the
axisymmetric buckling load was 0.49 based on reported re-
sponse times up to r = 14. The present calculations show
that if the response is carried to r = 60, the buckling load is
reduced to 0.46. Note that for a shallow spherical cap made of
aluminum and having a radius-thickness ratio of 100, a non-
dimensional time of 100 is an actual time of 0.0050 sec.
Although damping would affect the results in a real struc-
ture, it is questionable whether short-time buckling calcula-
tions covering only the first few response cycles are sufficient
to determine safe buckling loads. Furthermore, late response
buckling results were found experimentally in Ref. 20 where
spherical caps with X = 7.5 exhibited 9 cycles of vibration
prior to buckling. Since there are no adequate criteria for
defining dynamic buckling which include the effect of the re-
sponse duration, the procedure used in this study was to trace
the maximum subcritical response 10 nondimensional time
units past the point where the last supercritical buckling oc-
curred to see if any growth in deflection could be observed.

The ratio of dynamic to static axisymmetric buckling loads
can be obtained by comparing Figs. 9a and 9b with Figs. 5
and 6, respectively. In general, the dynamic buckling loads
are less than static buckling loads for most of the parameter
ranges; however, no simple ratio holds for all shell parameters
and loaded area. It is also seen that the variation of dynamic
buckling load with loaded area is smoother than in the static
case, but there is still a decrease in buckling load resulting
from spreading a central concentrated load over a small but
finite area.

Figure 10 gives a plot of dynamic buckling load of a fully
loaded clamped shell as a function of shell parameter. The
present results agree fairly well with those in Ref. 8 and were
expected to be slightly lower because the present results con-
sider longer response times and a more conservative buckling
criteria. This is basically true except for the X = 6 region
where the present results exceed those of Ref. 8. Numerical re-
sults for X = 6 were not included in Ref. 8 and an increase in
buckling strength in this parameter range appears to have
been missed. The present results agree fairly well at X = 5
with five-degree-of-freedom results of Ref. 5. Particularly en-
couraging is the close agreement at X = 7.5 with experimental
results of Ref. 20. Figure 11 shows similar buckling load plots
vs X for fully loaded shells with simply supported restrained
and unrestrained boundaries. Figure 12 shows results for the
variation of buckling load vs area loaded for a cap with
X = 8 and for the three boundary conditions of clamped,
simply supported, and unrestrained. Comparison of the re-
sults in Figs. 11 and 12 shows that the introduction of hori-
zontal edge restraint substantially increases the buckling load
for an essentially fully loaded shell and for a highly concen-
trated load. Comparison of the clamped and simply sup-
ported restrained curves in Fig. 12 shows that rotational re-
straint has less effect on buckling load than does horizontal
restraint. The results in Fig. 12 also show a loaded area re-
gion between approximately 20%-35% where the buckling
load is essentially independent of boundary conditions.

Concluding Remarks

An investigation of static and dynamic axisymmetric
buckling of shallow spherical caps subjected to centrally dis-
tributed symmetric loads has been carried out. The results
are based on a numerical solution to Sanders' nonlinear shell
equations subjected to either static or dynamic loads. Buck-
ling loads have been obtained for clamped, simply supported,
and unrestrained edges of spherical caps subjected to a con-
stant static pressure or a step pulse of infinite duration dis-
tributed axisymmetrically over a center portion of the shell.

The results show that for a shell almost fully loaded, the
buckling pressure is essentially that of a fully loaded shell,
and for the case where the load is distributed approximately
over 3-5% or less of the shell surface, the load can be con-
sidered concentrated. Between these two extremes, however,
neither the assumption of a concentrated load nor uniform
pressure can be relied on to give a conservative estimate of
the buckling load. Results for dynamic buckling loads were
generally less than static buckling loads; however, no simple
ratio exists between static and dynamic buckling loads, which
holds for all load conditions and/or shell parameters. Com-
parisons of buckling load vs loaded area show that spreading a
concentrated static load over a small but finite area can
lower the buckling load substantially. Although changes are
not so dramatic, the same phenomenon occurs for dynamic
step loads. Results for simply supported and clamped edges
show that when buckling is axisymmetric clamping edges may
either increase or decrease the buckling load of the shell for
both static and dynamic buckling, depending on the load con-
dition and shell geometry. Results also show that removing
the lateral boundary restraints can substantially decrease
static and dynamic buckling loads.

The results of this study are restricted to axisymmetric
buckling, and the inclusion of asymmetric behavior is neces-
sary to completely define buckling loads over the full param-
eter range. The results show that the buckling behavior of a
partially loaded shell is quite complex and buckling loads
cannot be inferred from results for the extreme cases of uni-
form and concentrated loading.

Appendix: Definition of Matrix Elements

The vector z of unknowns contained in Eq. (1) at a point i is
divided into two subvectors xi and t/*; where Xi and yi are the
force and displacement vectors

Vi = (Al)

Positive direction of quantities are shown in Fig. 2. The
nonzero elements of the H matrix are

hn/(l - ft) = h& = -Wft = Wft =

/W(l — ft) = — p~2/^6/ft = /Wft = cos<p/r
sirup

hit = —hii — — h& — GQ

P2; ^32 = ^56 = — 1

/&34 ^3 (ft

(A2)

V V /"* /^11 An An On Cr j

The nonzero elements of the 6 X 6 7 ? matrix are

(A3)
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simply supported, restrained

simply supported, unrestrained

0 25 50 75 100
Percent Surface Area Loaded, AL/A$

Fig. 12 Axisymmetric dynamic buckling loads for various
boundary conditions and centrally distributed loads.

The nonzero elements of the six element e vector are

COSff

r

+
(A4)

J
The nonzero elements of the 6 X 6 / matrix are

/14 = /25 = 1

The constant terms in Eqs. (A2-A5) are

G = -pKCnDn - Kn2), G1 = -

(A5)

(A6)

Ge =

The terms <p and r are defined in Fig. 1 and the (?»•/, K;,, and
Dij- constants arise from the general nondimensional ortho-
tropic constitutive relationships

^22

Win

(A7)

Here nn and m\\ are the force resultants defined in Fig. 2 and
en and icn are the tensor strains and curvatures. The terms
tin and tim are the induced thermal forces and moments.

In Eqs. (A7) the nondimensional (?»•,•, Da, and KH terms for
the isotropic material used in this presentation are

Z)u = D22 = Cu/12, Di2 = ?Z)n (A8)
TT TT ~K~ CiA.H = Z\.i2 = IV-22 == U

and the induced isotropic temperature resultants are

(A9)

where the subscript i refers to the principal directions, a is the
thermal coefficient of expansion, f is the normal distance
from the middle surface and T(f) is the expression for the
temperature change along the shell cross section.
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